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1. OBJECTIVES

The Maximized Sequential Probability Ratio Test
(MaxSPRT) is frequently used in post-marketing vac-
cine safety surveillance. Our goal is to develop algo-
rithms to quickly compute exact-test

o critical value

e lypelerror

e power

e data points that suggest reject Hy
e data points that suggest accept Hy

for binomial MaxSPRT, and to produce software in the
form of R and C source codes.

2. BINOMIAL MAXSPRT

Data: sequence of iid Bernoulli(p) trials

Comparison: Hy : p = pg vs. Hy : p > po

Repeat: With s successes and f failures following n =
s 4+ f trials compute the log-likelihood ratio

Bin(s|n, p) )

Bin(s[n, po)

LLR(pols, f) = log (

where p = s/n; LLR = 0 unless s/pg > f/(1 — po)
Until: LLR(pol|s, f) > V (reject Hy) orn = N
where V and N are predetermined limits
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Figure 1: Example LLR vs. time (solid), with critical value
and upper time limit (dashed).

3. EXAMPLE APPLICATIONS

The MaxSPRT method has been used in at least 8 post-
marketing vaccine safety studies since 2007. For ex-
ample, Tse et al. (2014) conducted a study that in-
volved monitoring data from nine CDC Vaccine Safety
Datalink managed care organization sites; it was noted
whether International Classification of Disease (ICD)
codes for seizures, Guillain-Barre syndrome, encephali-
tis, and anaphylaxis occurred within one of two pre-
defined time windows following receipt of inactivated
influenza vaccine (IIV) or live attenuated influenza vac-
cine (LAIV): a risk interval immediately following the
vaccination date; and a control interval beyond the risk
interval at a time not likely to be biologically plausible
or causally associated with the vaccine. In this design,
each vaccinee represents a Bernoulli trial, with “suc-
cess” detfined as ICD code occurring in the risk interval.

4. NOTATION

Rejection points: suggest reject H if observed:

Rv,Npo = 1(5,f) | LLR(pols, f) >V and s + f < N}

Observable points: some (s, f) points may not be ob-
servable since analysis stops when LLR(py|s, f) >V

Ov.N.p, = 1(s, f) that are observable and s + f < N}

Stopping points: Observable rejection points:

XV,N,p() — RV,N,]?O m OvaNapO

5. METHODOLOGICAL SETUP

Betore beginning a binomial MaxSPRT analysis the re-
searchers choose values for py, N, and V. The value
of V' is chosen to reflect the desired Type I error rate «.
Kulldorff et al. (2011) provides a table of critical values
corresponding to an exact test for several values of NV,
no, and «. The exact value of V for other IV, pg, and/or
a must be found through an iterative numerical routine.
Specifically, for given N and pg, Type I error is a decreas-
ing step function of V, and our motivation is to develop
an algorithm to quickly find a value of V' that gives a
desired Type I error.

Our interest is in computing the probability of reject-
ing Hj for a given set of stopping points X and success
probability p, which is

B(p, X) = Pr(reject Hy|p, X) = Z Pr(x|p, X),
rTEX

where each z € X is an (s, f)-point. Type L error is given
by B(po, Xv N.p, ), and power is B(p1, Xv. n.p,) fOr p1 >
po. For given N and py, a value of V' that gives a desired
Type I error, o, can be found by solving

min |6 (po, X, o) — a1
Note that any routine to perform this minimization re-
quires — for each iteration — determining the set Xy x ,,,
and for each x € Xy n,,, computing Pr(x|po, Xv.N.p, ),
which are generally not pure binomial probabilities
since observing some (s, f)-points result in stopping the
analysis.

Here, we present two algorithms to quickly compute
the set Xy ., and to compute the exact probability of
rejecting the null hypothesis in a binomial MaxSPRT
analysis for given values ot V, N, pg, and any given true
success probability p. This is useful for computing exact
critical values, Type I error, power, and other ancillary
information. We call the two algorithms the “Tree” and
“Lattice” algorithms based on the heuristic devices we
use to conceptualize the algorithms.
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6. TREE ALGORITHM
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Figure 2: An (s, f) Tree for N = §; also, V = 0.75, po = 0.5
give: acceptance boundary (bold line); rejection points (boxed);
stopping points (shaded box). Each point with an arrow point-
ing to it is evaluated by the Tree Algorithm.

With P; s = Pr(s, f|p) and Py o = 1 we have

PS,f — p X PS—].,f _I_ (]‘ _p) X PS,f—l X I(S,f—l)%R

7. LATTICE ALGORITHM
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Figure 3: Lattice conceptualization for N = §; also, V' = 0.75,
po = 0.5 give: acceptance boundary (triangles); rejection points
(circles); stopping points (filled circles). Arrows indicate path
taken by the Lattice Algorithm.

Finding Stopping Points: It can be shown that the
monotonicity of LLR(pg|s, f) implies: (i) there is at most
one stopping point in each lattice row; (ii) if both (s1, f)
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This of course leads to P = Bin(s|n, p) if all points are
observable. If some points are not observable, i.e. if there
are stopping points, then the P;  are no longer binomial
probabilities for most points. The procedure is to

e Loop: over columns (a vertical collection of points
in the tree, e.g. (0,2), (1,1), and (2.0))

e Loop: over points within each column, computing
probabilities using the above formula

e Exact Type I error: when a stopping point is en-
countered, add it’s probability to a cumulative sum

representing 3(po, Xv N .po )

e shrink from below: do not evaluate points that
can only be reached by first going through a stop-
ping point, i.e. un-observable points

e shrink from above: do not evaluate points above
the acceptance boundary

Previous work had utilized essentially the same proce-
dure sans shrinking from above/below. Our algorithm
substantially reduces the search space and thus run time.

Note: f* = max{f | (N—f, f) € R} is the largest number
of failures in N trials that result in rejecting Hy.

and (sq, f + 1) are stopping points, then s; < s3. Thus:
(a) the algorithm travels through the lattice in a step pat-
tern; (b) evaluates only N points; (c) the set of stopping
points can be represented as X = {(s;,?)}i=o.... r+ With
the property that s; < s;41Vi < f*, or more succinctly as
a list X' = {s;}i—0.... r+ of increasing s-values, where s;
is the s-value of the point (s;,1).

Computing Probabilities: Let z; = (s;,7). Clearly, if
R = 0 then Pr(s, f) = Bin(s|n,p), because there are
(") paths from (0,0) to (s, f), each having probability
p*(1 — p)’. The probability of observing (s, f) given that
some paths are blocked by stopping points can be ob-
tained by replacing (") with the number of paths not
passing through stopping points, 7'(z|X)

Pr(z|p, X) = T(x|X)p*(1 - p)’.
The no. of un-blocked paths to z; can be computed as
T(x;|X)=|( ") =) T(x;|X -
(@il ) (Sz) ; i (Sw>

Wherenz- — 3i+i,nij — Si—I—i—Sj —j,and Sij = Si — 4.
The second term represents the number of paths from

Kulldorff et al. (2011) Sequential Analysis 30(1):58-78 | Tse et al. (2014) Pharmacoepi. & Drug Safety 23(5):548-53

DO DO
DO
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DO
S 2

input V. N, pg
8+ 0
Compute f*
)« (1 —p,p)
Sgl) +— 0,
sl()lI +— 1
if LLR(pg|1,0) >V then
B < 3 4+ (last element of 7(1))
end if
fornin2... N do
st ¢ max(0,n — f*)
s,()n) — s g

if LLR(pOISén_lI, n — sén_l)) >V then

Sl()n) — sén_l) > shrink from below

a1 « 71 (sén_l) — sé“‘”)]
end 1if > compute probs
() D X Ps—l,f -+ (1 — p) X Ps,f—l X ](s,f—l)géR
if LLR(po|s!™,n—s™) >V then
B < B + (last element of 7(™))
end 1if
if LLR(pOIsl()n), n — 3,()”)) >V AND sY" = sgn) then
Exit and return
end if

. end for
. return [

> Initialize tor n = 1

> Loop over remainder of columns
> shrink from above

,0) to x; that first pass through a stopping point to the

left of z;. Combining these equations we obtain

17
18

T, = PT(.CBq;Ip, X) — Bin(siIni,p)

— Z?’I’j X Bm(sijInij,p).
1<%

. function PROBREJECTHO(V, N, pg, p1)
X' X+ (
s, f,0+ 0
while s+ f < N do
if LLR(po|s, f) >V then
r < (s, f)
X +— (X, x)
T < Pr(x|p, X, P)
P <+ (P,n)
B+ O+
X' +—{X, s}
J<—J/+1
else
s+ s+ 1
end if
end while
. return X', 3
. end function
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8. ADDITIONAL INFORMATION

These two algorithms compute « for given V; an itera-
tive routine can thus be used to perform the minimiza-
tion indicated in Section 5 to obtain an exact-test V' for
given . Relatively minor modifications to these algo-
rithms additionally allows for computation of: power;
lists of (s, f) points that suggest rejecting and accepting
Hy, respectivley, if observed.
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Figure 4: An example power curve

9. RUN TIMES
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Figure 5: Run times for upper limits of N = 1 x 10° — 1 x 10",

The Tree algorithm produced both the fastest and slow-
est run times, depending on whether it was run as an R
or C function; this is likely due to the nested loops re-
quired. On the other hand, the Lattice Algorithm had
similar run times between the R and C implementa-
tions, which is likely due to the lack of nested loops and
the need to compute binomial coetficients (the R func-
tion to do this calls a C subroutine).



